ABSTRACT. A structure called d 0 -algebra is defined and studied, which leads to a new description of D-lattices and generalized D-lattices by means of only one totally defined operation.
Introduction
Since the first years of 20 th century, algebras of sets have been generalized to Boolean algebras, mainly for applications in Measure Theory and Probabilty. Later on, due also to the developments of Quantum Mechanics, orthomodular lattices were introduced. Independently, MV-algebras were defined in order to investigate suitable extensions of the classical structures of Mathematical Logic.
Both orthomodular lattices and MV-algebras generalize Boolean algebras, but they are incompatible generalizations, in the sense that an orthomodular lattice need not be an MV-algebra, and conversely. More recenty (see [2, 3] or the book [4] ), D-lattices (i.e. lattice-ordered effect algebras) have been introduced, which are a common generalization of orthomodular lattices and MV-algebras, and hence of Boolean algebras, too. These structures have application also in Mathematical Economics (see, for instance [5] ).
The structure of D-lattice consists of an order relation and a partially defined difference related to each other; the equivalent structure of a lattice-ordered effect algebra has a partially defined sum and an order relation induced by it, but one has to require that the structure be a lattice in the induced order: thus both approaches are somewhat unsatisfactory from an algebraic point of view.
Definition of d 0 -algebra
First of all, we define the structure we deal with throughout the paper. It is not difficult to see that this is in fact a generalization of set-difference, i.e. if one takes as A any nonempty collection of sets closed under set-difference, then, by interpreting the symbol "\" just as set-difference and 0 as the empty set, all the above-listed axioms are satisfied.
1.1.

Ò Ø ÓÒº
Actually we will prove a more general statement later on (see Theorem 5.6 below).
ÈÖÓÔÓ× Ø ÓÒº In a d 0 -algebra A the following hold, for all a, b, c ∈ A:
(iv) Applying the second equality in (d5) (with a and b interchanged) and the first equality in (i), we get
Next, from the first equality in (d5), it follows that
(v) Applying first the second equality in (d5) (with a \ b in place of a), and then (d2) (with a and b interchanged), we get
P r o o f. It follows immediately from Proposition 1.2(iii) and (d1).
Besides the rather easy properties established above, the following consequences of the axioms will be useful in the sequel.
ÈÖÓÔÓ× Ø ÓÒº
In a d 0 -algebra A the following holds, for all a, b ∈ A:
P r o o f. Applying (d2), (d4), the first equality in (d5), then Proposition 1.2(v) and (d4) twice and, finally, (d2) again, we have: 
where the last equality follows because c \ b = 0 (apply the first equality in Corollary 1.5 with a and b interchanged). 
, by (d4). Thus, applying (d4) again and taking (1.1) into account, it follows that
Congruences and ideals
We define ideals of d 0 -algebras, in order to establish a canonical one-to-one correspondence between congruences and ideals.
Of course, congruences are defined in the usual way.
2.1.
Ò Ø ÓÒº A congruence of a d 0 -algebra A is an equivalence relation ∼ on A such that, for every a, b, c, d ∈ A (a ∼ b & c ∼ d) =⇒ a \ c ∼ b \ d.
2.2.
Ò Ø ÓÒº An ideal of a d 0 -algebra A is a nonempty subset I ⊆ A such that, for every a, b ∈ A:
One easily sees that every ideal must contain 0 (just put b = a into (I1) and recall Proposition 1.2(i)).
ÈÖÓÔÓ× Ø ÓÒº Let ∼ be a congruence of a d 0 -algebra A, and let I be the
∼-equivalence class of 0. Then I is an ideal of A.
P r o o f. Let a ∈ I and b ∈ A; then a\b ∼ 0\b = 0, which gives (I1). Suppose now that b\ a ∈ I; from we have just proved it follows in particular that (b\ a)
Now we construct the relation associated to an ideal.
2.4.
Ò Ø ÓÒº Let I be an ideal of a d 0 -algebra A. The relation associated to I on A, denoted by ∼ I , is defined as follows:
In order to prove the main theorem of this section, we need a preliminary result.
Ä ÑÑ º Let a, b be elements of a d
P r o o f. Applying (d1), then (d4) (with a and c interchanged), and finally the second equality in (d5) (with c \ a in place of a and b \ a in place of b), we have
Similarly, applying (d1), then (d4) (with a and c interchanged), and finally the first equality in (d5) (with c \ a in place of a and b \ a in place of b), we have 
Ì ÓÖ Ñº Let
To complete the proof that ∼ I is a congruence, is suffices to show that a ∼ I b implies a\c ∼ I b\c and c\a ∼ I c\b for every c ∈ A. To get the former implication note that we have (a \ c) 
, in the same way as above we get
Finally, from (d1) and Definition 2.4 it follows that a ∼ I 0 if and only if a ∈ I, i.e. the ∼ I -equivalence class of 0 coincides with I.
Conversely, let ∼ be a congruence, and let I be the ∼-equivalence class of 0: by Proposition 2.3, I is an ideal; hence ∼ I is a congruence by the arguments above. It remains to prove that ∼ and ∼ I coincide.
Suppose first that a ∼ b: then a\b ∈ I and b\a ∈ I so that a
The ordering relation
In this section we are going to see that d 0 -algebras have a canonical ordering relation. The notation a ≤ b, with a and b elements of a d 0 -algebra A, will be usedfrom now on-always to denote the partial order introduced above (and we could also write, equivalently, b ≥ a). With this notation most of the previous formulas could be rewritten in a slightly simpler form. For instance, Proposition 1.
Ì ÓÖ Ñº
In the sequel such a simpler form will be tacitly used most of the times. A unit of a d 0 -algebra A, if it exists, is always unique (as follows from Proposition 1.2(ii)) and is the greatest element of A. In the sequel it will be always denoted by 1.
ÈÖÓÔÓ× Ø ÓÒº
3.4.
Ò Ø ÓÒº
We say that a d 0 -algebra A is directed if for every a, b ∈ A there exists c ∈ A such that a \ c = b \ c = 0 In other words a d 0 -algebra A is directed if and only if (A, ≥) is a directed set in the usual sense. A d 0 -algebra with unit is trivially directed.
3.5.
Example. The d 0 -algebra V 1 consisting of the set {0, a, b}, with a \ b = b and b \ a = a (see Table 1 ) is not directed. 
The second-order difference
In this section we are going to introduce an operation on a d 0 -algebra, which is to be considered as another difference.
4.1.
Ò Ø ÓÒº In a d 0 -algebra A, the second-order difference is the operation −, defined as follows:
ÈÖÓÔÓ× Ø ÓÒº In a d 0 -algebra A, the following hold, for all a, b ∈ A:
(1) It follows immediately from the definition of −.
In the sequel we will tacitly substitute an expression like (a \ b) \ (b \ a) with its simpler form a − b in all formulas where we find it convenient. For example the statement of Proposition 1.6 would be rewritten as (a In a d 0 -algebra A, the following holds, for all a, b ∈ A: Table 2 ) has the Riesz property.
ÈÖÓÔÓ× Ø ÓÒº
On the other hand, the d 0 -algebra V 1 of Example 3.5 does not have the Riesz property. Note that the difference of V 2 coincides with the second-order difference of V 1 . 
Ò Ø ÓÒº We say that a d
In other words, A is monotone if and only if, for every a ∈ A, the mapping x → a − x is decreasing. 
Ì ÓÖ Ñº Every directed d
Hence, applying (d4), 
Ä ÑÑ º In a d
a \ (a − b) ≤ a, a \ a \ (a − b) = a − b and a \ (a − b) ≤ b. P r o o f. Let i = a \ (a
Ì ÓÖ Ñº Every monotone d 0 -algebra A is a semilattice, where
∀a, b ∈ A : a ∧ b = a \ (a − b).
ÓÖÓÐÐ ÖÝº In a monotone d 0 -algebra A, we have the following
∀a, b ∈ A : a − b = a \ (a ∧ b) = a − (a ∧ b).a ∧ b = a \ a \ (a ∧ b) = a \ (a − b) = 0.
4.13.
Example. Let Y 1 and Y 2 be the d 0 -algebras whose underlying set is {0, a, b, c} and whose operations are given by the tables in Table 3 . Both Y 1 and Y 2 do not verify (4.2) (though they are semilattices) and hence they are not monotone. In particular Y 2 shows that even a d 0 -algebra with the Riesz property need not be monotone. 
Now, applying the first equality in (d5), we get
Hence, by Proposition 1.4, one obtains that c ≤ b, too, and therefore c ≤ a ∧ b (here Theorem 4.9 is taken into account). Applying the second equality in (4.4), Proposition 4.2(i), then monotonicity and Corollary 4.11, we have 
Hence equality follows.
In view of the above result, a monotone d 0 -algebra A has the Riesz property if and only if a \ b ≤ a for every a, b ∈ A. In fact the monotonicity assumption is unnecessary, as we are going to see. 
ÈÖÓÔÓ× Ø ÓÒº A d 0 -algebra A has the Riesz property if and only if
On the other hand, by Proposition 1.6 and (4.5) (with a − b in place of a and b − a in place of b), we also have
whence the equality.
D-posets and D-lattices
5.1.
Ò Ø ÓÒº A poset with difference is a structure of the form (P, ≤, ),
where P is nonempty set, ≤ is a partial orded on P and a partially defined operation on P such that the following conditions are satisfied for all a, b, c ∈ P : Note that if a poset with difference (P, ≤, ) has the smallest element, denoted by 0 as usual, then a a = 0 for each a ∈ P . Observe that a generalized D-lattice must have the smallest element.
ÈÖÓÔÓ× Ø ÓÒº
In a generalized D-lattice (P, ≤, ), the following hold, for all a, b, c ∈ P : In view of Theorem 5.3 and Definition 5.4, it is apparent that a d 0 -algebra A which is a lattice in its canonical ordering can be viewed as a generalized D-lattice, defining as in (5.1) .
The following crucial result shows that in fact that each generalized D-lattice can be canonically identified with a directed d 0 -algebra. where we have applied (DP2), Proposition 5.5(ii), then (DP2) again and (DP3). Similarly, we obtain the second equality in (d5) as follows:
This completes the proof that A is a d 0 -algebra. The canonical order of this d 0 -algebra, by virtue of (5.4), coincides with the order ≤ of the given generalized D-lattice (thus, in particular, A is directed).
ÓÖÓÐÐ ÖÝº Every d 0 -algebra with unit can be viewed as a D-lattice. Conversely, every D-lattice, with the difference defined as in (5.2), is a d 0 -algebra (with unit).
P r o o f. Straightforward consequence of the previous theorem.
